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Abstract

Magnetic levitation systems are well suited for for precision motion control due to non-contact ac-
tuation with a single moving part, eliminating complex nonlinear dynamic effects such as surface
friction and mechanical backlash [1]. Magnetic levitation systems are also well suited as inter-
active haptic devices, as interactive forces and torques can be displayed precisely with regard to
position and orientation [2]. Magnetic levitation with a planar array of cylindical coils allows the
planar range of motion of the system to be easily extended to any desired dimensions by increasing
the size or number of the coils.

Our University of Hawaii coil array magnetic levitation systems [3, 4] have used from 4 to 32
coils to levitate platforms with one to seven cylindrical magnets, with independent control of all
three position degrees of freedom and up to three degrees of freedom in rotation. Precise, high-
bandwidth feedback control is made possible using a high-performance infrared optical position
tracking system and high-resolution numerical modeling of the force and torque generation be-
tween each magnet and coil in the complete system. We have demonstrated systems with an un-
limited range of controlled rotation [5], co-located graphic and haptic interaction [6], and control
of multiple independently moving platforms using the same coil array [7]. A compact, low-cost
version has been developed for potential commercial applications [8].

Figure 1: Single magnet levitation with 22 coil array



The latest results and progress in increased levitation height using iron-cored coils, and multiple
contact part grasping and manipulation are to be presented.
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Methods in classical optimal control theory typically proceed by constructing a control law that 
satisfies necessary or sufficient conditions of optimality, such as those provided by the 
Pontryagin Maximum Principle (PMP). Once such conditions are imposed, the problem is 
reduced to a Two-Point Boundary Value Problem (TPBVP).  In principle, this procedure will 
minimize or maximize a cost index. While this framework is mathematically rigorous, 
constructing solutions that satisfy these conditions for practical systems—such as unmanned 
aerial vehicles, planetary landers, or hypersonic vehicles—often proves intractable. This 
difficulty arises not only from the complexity of accurately modeling highly nonlinear dynamics, 
but also from the challenge of identifying candidate solutions that satisfy higher-order necessary 
conditions, and determining the costates of the system. As a result, the existence of optimal 
solutions does not necessarily imply their ability to construct an optimal control for real systems 

In this work, a novel method, called the nth order optimal controller, is constructed to provide an 
alternative to classical optimal control.  The nth order optimal controller is defined as a jet of 
control variables, where the number of terms in the control come from the nth degree of the 
polynomial used to represent guidance. This controller is algebraically constructed by 
reformulating the optimal control problem as a problem of integrated guidance and control.  This 
means guidance and control functions are treated as coupled.  The method shown in the paper 
presents a way to derive a set of controls to satisfy a set of target states encoded by the  
reference trajectory.  This method relies on construction of a control based on the dynamics of 
the system, and solves the integrated and control problem via inverse dynamics.  This is in 
contrast to classical optimal control theory, where optimal control solutions are formulated from 
the Hamiltonian and costates, on which a construction may be unable to satisfy the necessary 
conditions for optimality. 

In this work, we define the set of target states as an algebraic variety, and formulate 
admissibility constraints of the system based on an implicit representation of the dynamics of 
the system.  This is as algebraic varieties provide a convenient way to algebraically encode 
information about boundary conditions of a system and the geometric shape of the trajectory.  
Methods from algebraic geometry are then employed to construct control solutions consistent 
with these constraints, avoiding the need to solve global nonlinear PDEs or TPBVPs associated 
with classical approaches. In this framework, boundary conditions and maneuver structure are 
encoded directly into the polynomial representation of the trajectory, allowing for systematic 
construction and classification of admissible control solutions. 

The proposed approach naturally leads to an alternative notion of optimality. Instead of defining 
optimality as a unique global minimizer of a cost functional over an entire maneuver, optimality 
is framed as existing on a spectrum and evaluated locally in time. Control effort is assessed in a 
piecewise manner, and equivalence classes of controls arise that realize the same reference 
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trajectory with equal instantaneous cost. This perspective reveals that multiplicity of optimal 
solutions is a generic property of nonlinear systems under inverse dynamics, rather than a 
pathological exception.  A sufficient condition for constructing the nth order optimal controller is 
introduced through the concept of perfect actuation, defined as a proportional relationship 
between variations in control input and resulting thrust acceleration, 

​ ​ ​ ​ (1) 𝑢(𝑡 + δ) = 𝑘 * 𝑎(𝑡 + ε)
Although perfect actuation is an idealization that neglects actuator saturation and bandwidth 
limitations, it serves as a theoretical foundation that exposes the algebraic structure underlying 
the inverse dynamics formulation. Under this assumption, a mission planner may select an 
algebraic variety representing the desired maneuver geometry, for example through an 
nth-order polynomial trajectory, 

​ ​ ​ ​ ​ (2) 𝑟(𝑡) =
𝑛

∑ 𝑟
0
+ 𝑣 * 𝑡 +... 𝑛𝑡𝑛/𝑛!

This is used to provide a concise representation of the desired reference trajectory, and is used 
to construct a control to match the reference trajectory.  After the algebraic variety defining the 
set of target states is defined, an implicit representation of the dynamics is derived to provide a 
relationship between the set of target states, and the set of variables which dictate the control of 
the system.  The expression is shown to be: 
 

 𝑚'[(𝑔2/4𝑚
𝑝𝑟𝑜𝑝
2 ) * (𝑡 * 𝑚(𝑡) * 𝑎(𝑡))2 − (𝑣 − (𝑡 * 𝑚(𝑡) * 𝑎(𝑡))/𝑚

𝑝𝑟𝑜𝑝
)2]

​ ​ ​ ​ ​ ​ ​ (3) − 𝑣 * ((𝑡 * 𝑚(𝑡) * 𝑎(𝑡))/𝑚
𝑝𝑟𝑜𝑝

− 𝑣/2) = 0

Where m(t) and a(t) are defined to be jets, with a(t) being defined as the second order derivative 
of equation (2).  m(t) is assumed to be of the following form: 

​ ​ ​ ​ ​ ​ ​ ​ (4) 𝑚(𝑡) =
𝑛

∑𝑚
0
+ 𝑚

1
𝑡... + 𝑚

𝑛
𝑡𝑛/𝑛!

It is assumed that all higher order terms beyond  are unknown.  These terms are implied to 𝑚
0

be related to the control via the relation: 
​ ​ ​ ​ ​ ​ ​ ​ ​ ​ ​ (5) β(𝑡) =− 𝑚(𝑡)

This relationship is used to attempt to solve for the unknown coefficients of m(t) based on the 
set of target states and the implicit relationship of the dynamics of the system.  A computer 
algebra program is then defined to expand out the terms given in equation (3), in order to 
provide an automated way to solve for the coefficients of the control.  This program then 
leverages notions of graded algebras to group and attempt to solve for all of the unknown 
coefficients of m(t).  It is then seen that a singular control emerges, where all higher order terms 
beyond  become free, meaning no unique solution can be constructed.  This result implies 𝑚

1
that singular arcs in optimal control theory are structural, and emerge as a property of the 
dynamics of the system, rather than from the way the Hamiltonian of the optimal control problem 
is defined.  This result shows that singular arcs emerge due to a lack of constraints on the 
system, and provides a deterministic method for constructing optimal control solutions when 
additional constraints are added. 
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Abstract

Precision planetary landing is a cornerstone capability for crewed exploration, robotic sample re-
turn, and delivery of large payloads to pre-selected sites with tight dispersions. Powered descent
guidance must produce thrust direction and magnitude commands that simultaneously (i) meet
terminal targeting constraints, (ii) remain robust to navigation and modeling uncertainties, and
(iii) respect state and path constraints (e.g., thrust bounds, glideslope/hazard avoidance, attitude
and rate limits, and terminal thrust/velocity constraints). Real-time optimization can enforce con-
straints but may be computationally expensive; conversely, explicit analytical laws are lightweight
and transparent but often rely on static parameter tuning and can struggle when constraints become
active.

Recently, Prof. Lu introduced a broad class of fractional-polynomial powered descent guidance
laws derived from optimal-control constructions, providing a two-parameter family of explicit
targeting controllers with simple mechanization. A representative member of this family can be
written as the closed-loop thrust-acceleration command [1]

aT = γ

(
k

2γ +2
−1

)
a f +

(
γk

2γ +2
− γ −1

)
g+

γ +1
tgo

(
1− k

γ +2

)
(v f −v)+

k
t2
go

(
r f −r−v tgo

)
,

(1)
where r,v are the current position and velocity, r f ,v f ,a f define the targeted terminal condition,
tgo is the time-to-go, g is gravity, and (γ,k) shape a continuum of guidance behaviors. While
Eq. (1) is explicit and analytically attractive, its parameters are usually treated as static tuning
knobs; moreover, it does not by itself guarantee satisfaction of inequality constraints once thrust
saturation and pointing limits are applied.

In earlier work we introduced an adaptive generalized ZEM–ZEV guidance architecture in which
an actor–critic RL algorithm tuned guidance gains and time-to-go to improve constrained landing
performance [2]. Here we extend that philosophy to fractional-polynomial guidance and move
beyond per-scenario training by leveraging meta-reinforcement learning with a recurrent policy.
The core idea is to retain the transparent analytical backbone of Eq. (1), but to adapt (γ,k, tgo)
online as a function of the current state and recent history:

[
γ(t), k(t), tgo(t)

]
= Πθ (s(t),s(t −∆t), . . . ,s(t −N∆t); h(t)) , ḣ = fθ

(
h,s

)
, (2)

where s = [r⊤,v⊤]⊤, and Πθ is implemented as a GRU that ingests a fixed window of past states
and maintains a finite-dimensional “memory” state h(t).



Constrained adaptive architecture. Two complementary mechanisms are used. First, the meta-
policy outputs admissible fractional-polynomial parameters through a smooth re-parameterization:

γ = γmin +(γmax − γmin)σ(zγ),

k = 2γ +2+ softplus(zk),

tgo = tmin +(tmax − tmin)σ(zt).

(3)

where σ(·) and softplus(·) are differentiable squashing maps and zγ ,zk,zt are the raw network out-
puts. This guarantees bounds and structural conditions such as k(t) ≥ 2γ(t)+ 2 while remaining
differentiable. Second, state and path constraints are handled as in [2]: (i) a feasibility filter (throt-
tle saturation and pointing limits) ensures physical realizability, and (ii) reward penalties/barriers
discourage constraint violation during training. Together, these elements keep the analytical back-
bone of Eq. (1) while driving the learned adaptation toward constraint-satisfying trajectories.

Meta-RL training and online adaptation. Each meta-RL “task” is a powered-descent environ-
ment drawn from a distribution over initial conditions, vehicle parameters, and disturbance classes
(bounded acceleration perturbations, gravity mismatch, thrust lag, navigation errors). The GRU
hidden state h enables rapid within-episode adaptation to the prevailing disturbance regime without
changing weights online. At runtime, the controller remains lightweight: it evaluates Eq. (2)–(3)
and Eq. (1) at the guidance rate, with no onboard optimization.

Stability and robustness (preliminary). Because adaptation is embedded through a finite dimen-
sional memory state, the closed loop can be written as an augmented dynamical system (r,v,h).
This conference paper reports a preliminary stability rationale (boundedness via Eq. (3) and Lya-
punov/ISS arguments for slowly-varying gain schedules) and initial robustness results via Monte
Carlo dispersions with structured model errors.

Planned results and impact. We present initial simulation results for representative lunar/Mars
descents with glide-slope and thrust constraints, comparing static fractional-polynomial guidance,
optimization-based baselines, and our prior adaptive ZEM–ZEV RL guidance. The goal is to
establish feasibility and highlight the key design trade spaces (meta-training distribution, con-
straint penalties/barriers, admissibility maps), motivating a more comprehensive follow-on journal
manuscript.
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Abstract 

As the number of satellites in orbit continues to increase, the probability of conjunction events 
increases nonlinearly, necessitating the development of convergent, autonomous onboard 
collision avoidance methods. In this work we propose a trajectory synthesis method based on 
Lawden’s spirals (LS), which are known to admit extremal analytical intermediate thrust (IT) arc 
solutions for planar orbital trajectories. However, LS solutions are known to be limited in their 
available degrees of freedom. As such, for a single IT arc one may specify at most an initial semi-
latus rectum and eccentricity, as well as a desired semi-latus rectum. As a result, it is not possible 
to specify an arbitrary final orbit using a single IT arc. We show that the solution method can be 
applied iteratively to select a satisfactory final orbit using a single IT arc. 
The effects of thrust to weight ratios over a range of 10-4 to 1 are investigated in terms of fuel 
consumption, maneuver duration, and the number of revolutions required, while holding the 
avoidance distance fixed at 10 km. The computational time required to solve the system is shown 
to be multiple orders of magnitude faster than that of direct collocation and indirect single- and 
multiple-shooting methods. These results indicate that LS is a practical trajectory synthesis 
method for onboard, computationally constrained autonomous satellite collision avoidance. 
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Title:  Overview of AI-Enhanced Feedback Control Systems 

Abstract: This talk will explore the intersection of applied artificial intelligence (AI) and 
modern control systems to shape the future of technology. Feedback control systems use 
sensors and actuators to enable automatic adjustments to keep machines—like robots, 
drones, and industrial equipment—working smoothly. Traditionally, these systems rely on a 
strong mathematical foundation to assist in the decision processes. Conceptually, 
advances in AI will allow machines to learn from data and from experience, adjust to new 
situations on their own, and (possibly) make smarter choices in real time. Maybe machines 
can become more reliable, need less manual tuning, and handle complex or unpredictable 
situations more effectively? This capability can also possibly create undesirable responses 
and outcomes.  We will explore whether blending AI with feedback control systems helps 
machines learn, adapt, and make better decisions, opening the door to safer, more 
efficient, and more capable technologies across many fields. 
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Abstract

The article investigates the solvability of the synthesis problem of pointwise control in the nonlin-
ear optimization of thermal processes described by partial differential equations. The main focus
is on the construction of pointwise control, which is defined as a function or functional of the state
of the controlled process, allowing the spatial-temporal structure of the control object to be taken
into account. The study is carried out based on the Bellman–Egorov scheme, which reduces the
original problem to a sequence of auxiliary optimal control problems. Conditions for the existence
and uniqueness of the solution to the synthesis problem are obtained, and an algorithm for con-
structing pointwise optimal control is proposed. The developed algorithm takes into account the
specific features of the dynamics of thermal processes and ensures the stability and efficiency of
control. The obtained results can be used in modeling and optimization of thermal processes in
distributed systems, as well as in the development of control methods for systems with distributed
parameters.

1 Generalized Solution of the Boundary Value Problem of a Controlled Thermal Process

Let the state of the controlled thermal process be described by a function V (t,x), which in the
domain Q = {0 < x < 1, 0 < t < T} satisfies the boundary value problem:

Vt =Vxx +δ (x− x0) f [t,u(t)], (t,x) ∈ Q (1.1)

V (0,x) = ψ(x), 0 < x < 1, (1.2)

Vx(t,0) = 0, Vx(t,1)+αV (t,1) = 0, 0 < t < T. (1.3)

where ψ(x)∈ H(0,1) — is a given function; u(t)∈ H(0,T ) — is the control function; f [t,u(t)] —
is the external influence function, which is nonlinear and monotonic with respect to the functional
argument u(t), t ∈ [0,T ]; H(E )-is the Hilbert space of square-integrable functions defined on the
set E ; H1(E ) — is the first-order Sobolev space; δ (x− x0) — is the singular Dirac delta function,
which possesses the filtering property:

1∫
0

δ (x− x0)ϕ(x)dx = ϕ(x0), ∀x0 ∈ (0,1);



The constants α > 0 and T — are fixed moments in time.

Since real-world processes are more or less adequately described by discontinuous functions, using
the concepts of a generalized solution, we will seek the solution to the boundary value problem
(1.1)–(1.3) in the space H1(Q).

Definition. A generalized solution of the boundary value problem (1.1)–(1.3) is a function V (t,x)∈
H1(Q), that, for any function Φ(t,x) ∈ H1(Q) satisfies the integral identity:

∫ 1

0

(
V (t,x)Φ(t,x)

)∣∣∣t2
t1

dx =
∫ t2

t1

[∫ 1

0

(
V (t,x)Φt(t,x)−Vx(t,x)Φx(t,x)

)
dx

+ f [t,u(t)]Φ(t,x0)

]
dt −α

∫ t2

t1
V (t,1)Φ(t,1)dt.

(1.4)

for any values t1 and t2 (0 < t1 < t2 < T ) and the initial condition (1.4) in the weak sense, i.e., for
any function Φ0(x):

lim
t→t0

1∫
0

[V (t,x)−ψ(x)]Φ0(x)dx = 0.

2 On the Problem of Optimal Control Synthesis

The article examines the solvability of the pointwise optimal control synthesis problem in the
nonlinear optimization of a controlled thermal process, where the desired control should be found
such that the process V (t,x) ∈ H1(Q) transitions from the initial state ψ(x) ∈ H(0,1) to another
desired state ξ (x) ∈ H(0,1) at the final moment of time T .

In the synthesis problem, it is required to minimize the quadratic functional:

J[u(t)] =
1∫

0

[(V (t,x)−ξ (x))]2 dx+β

T∫
0

p2[t,u(t)]dt, β > 0, (2.1)

on the set of generalized solutions of the boundary value problem (1.1)–(1.3). Furthermore, the
desired control u(t) must be found as a function (or functional) of the state of the controlled process
V (t,x), i.e., in the form:

u0(t) = ϕ[t,V 0(t,x)], t ∈ (0,T ), (2.2)

where ϕ(·) — is a single-valued function.

In the case of exponential nonlinearity, assume the external source function is given as:

f [t,u(t)] = eu(t), |u(t)| ≤ 1, (2.3)

and in the minimized functional, assume:

p[t,u(t)] =
√

eu(t)+a(t), |u(t)| ≤ 1, (2.4)

where the given function a(t) is such that eu(t)+a(t)> 0, t ∈ [0,T ].
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Abstract 

Harmonic drives offer several advantages, such as high torque density, large gear reduction ratios 

in compact designs, near-zero backlash, and high positioning accuracy. These features make them 

particularly appealing for precision robotic applications. As a result, harmonic drives are widely 

used in bilateral robotic systems, where accurate motion transmission, compact actuators, and 

lightweight designs are essential for achieving high transparency and dexterity in the exchange of 

force and position between master and slave manipulators. However, despite these benefits, 

harmonic drives can introduce significant joint flexibility because of their elastic components and 

compliant transmission. This flexibility may excite resonant modes and degrade closed-loop 

performance, potentially resulting in system instability during high-bandwidth bilateral control. 

To address these challenges, this paper proposes a bilateral control scheme that explicitly 

considers the joint flexibility introduced by harmonic drives, thereby enhancing system stability 

and maintaining performance in bilateral robotic applications. 

 

The external force applied by an operator on the master device is represented as hf , while ef  

indicates an environmental reaction force to the slave device. Consider the two-mass model of the 

master device: 

( )
1 1

,m m h m m

a l l a

K K
z K z f u d

M M M M

 
= − + − + + 

 
               (1)     

( ) 

1
.ml m h

l

x z f
M

= +                            (2)  

Likewise, consider the model of the slave device: 

( )
1 1

,s s e s s

a l l a

K K
z K z f u d

M M M M

 
= − + − + + 

 
                 (3)          

( ) 

1
.sl s e

l

x z f
M

= +                   (4)  

In this context, the subscripts, m  and ,s  refer to the master and slave systems, while the 

subscripts, a  and l , indicate the actuator side and the load side, respectively. The terms,  iu , i ,d  

iz , and ilx  ( i ,m s= ), represent input, disturbance, joint torque, and load position, respectively. 

The physical parameterts, jM  ( j ,a l= ) and ,K  denote mass and spring constant, respectively. 

To facilitate the design of a bilateral system, consider the following coordinate transformation: 

,
c h

d e

f f

f f

   
   
   

H  ,
c m

d s

u u

u u

   
   
   

H  ,
c m

d s

d d

d d

   
   
   

H  ,
c m

d s

z z

z z

   
   
   

H   ,
cl ml

dl sl

x x

x x

   
   
   

H                   (5)  



in which 
1 1

1 1

 
=  

− 
H , and the subscripts, c and d, represent the common mode and differential 

mode in the modal space, respectively. The objectives of a bilateral system can be described by: 

0,dlx =                    (6)  

,c cl c cl cM x B x f+ =                            (7) 

where cM  and cB  denote the desired virtual mass and viscous coefficient, respectively. When 

cM  and cB  approach zero, it results in 0,cf =  or 0h ef f+ = , which yields perfect force 

reflection. Additionally, 0,dlx =  or sl mlx x= , indicates the position synchronization of both 

devices. 

 

A multiple-loop controller is designed using a backstepping-like approach. For the outer loop, the 

dynamic equation of the differential mode can be derived from (2) and (4) and is described by 

 l d l d dM x z f= + , which, along with (6), results in the desired joint torque for the differential mode: 

  

* 22 ,d l x d l x d l dz M x x f = − − −                 (8)  

in which x  is a design parameter. Likewise, the dynamic equation of the common mode can be 

obtained from (2) and (4) and is given by  

1

c cl c l cM x M M z−= +  ( )1 1c c l cf M M f−+ − , which, along 

with (7), leads to the desired joint torque for the common mode: 

( )* 1 1 1 .c l c c cl l c cz M M B x M M f− −= − + −                    (9)  

The actual joint torque commands are derived using the following transformation: 

* *

* *

1 11
,

1 12

m d

s c

z z

z z

    
=    

−    
                  (10)  

in which *

iz  denotes the desired iz  ( i ,m s= ), which is the command to the inner loop. Regarding 

the inner loop for joint torque, the control law for the master device can be derived from (1) and 

is given by 
1 1 ˆ ,a a

m m m h m

a l l

M M
u K z f d

K M M M


  
= + + + −  

   

 where ( )2 *2m z m z m mz z z  = − + − , 

z  is a design parameter, and ˆ
md  is a disturbance estimate generated by a disturbance observer 

(DOB). Similarly, the control law for the slave device can be derived from (3) and is given by 

1 1 ˆ ,a a
s s s e s

a l l

M M
u K z f d

K M M M


  
= + + + −  

   

 in which ( )2 *2s z s z s sz z z  = − + − , and ˆ
sd  is 

also produced by a DOB.  

 

Experiments have been conducted to implement the proposed bilateral system. Both the master 

and slave devices utilize Sensodrive’s SENSO-Joint 3008, a robotic joint that includes various 

controllers. However, the experiments only use its current controller, which functions as a motor 

torque controller. The main controller for this system is a personal computer (PC), acting as the 

EtherCAT master. After calculating the control law, the PC sends torque commands to the robotic 

arm joints via EtherCAT, with a cycle time of 0.1 milliseconds. These motor torque commands 

serve as the control inputs for the system. The experimental results of the proposed system are 

compared with those from controller designs that do not account for joint flexibility, highlighting 

the importance of considering joint flexibility and demonstrating the advantages of the proposed 

approach. 
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Abstract 

Multi-rotor drones usage continues to expand with the advent of  increasing popularity of 
small unmanned aerial vehicles (UAVs), particularly quadcopters, has resulted in various 
applications and uses of these vehicles.  Military applications continue to develop 
spurning a need for more robust real time detection, classification and tracking. First-
Person-View (FPV) drones have been deployed to deliver explosive payloads in the 
battlefield. Conventional methods for detection and tracking such as infrared 
thermography and radar can be limited due to the maneuverability and small size of these 
drones, Acoustic methods are used for detection and trajectory tracking ; however, the 
less research has been done the on the acoustic characterization of specific maneuvers 
and payload estimation.  Multi-rotor quadcopters generate specific noises from their 
propellers and engine motor vibrations.  However these can be complicated due to its 
unsteady transitional flow characteristics and dependence on local velocity. The tonal 
noise signature depends on the blade frequency and harmonic generation.  Spectral and 
time-frequency analysis has recently been used to in quantify movements with the six 
degrees of freedom.  We use Least Mean Square (LMS) adaptive filtering to analysis the 
spectral content along with amplitude tracking for Black Falcon and d DJI Mini 2 SE with 
two-four channel recordings.  The nonlinear and nonstationary signals are investigated 
using the Empirical Mode Decomposition (EMD).  The Teager-Kaiser Energy Operator 
is used on Intrinsic Mode Functions (IMFs) to characterize the rapid changes to amplitude 
and frequency for hovering and movements involving pitch, roll and yaw.    Time 
evolution of the acoustic signal over time can be exploited to infer dynamic parameters 
related to the drone’s trajectory. Different flight phases—such as hovering, ascending, 
descending, forward motion, or yaw rotations—produce characteristic modifications in 
the frequency spectrum.  The acoustic methods are extended to investigate signatures with 
respect to payload. 
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Abstract

The problem of intercepting an evading object by another pursuing object is considered. The mo-
tion of each object is inertial and occurs within a central Newtonian field. A method implementing
a parallel approach is proposed to solve this problem.

Assume that, in the space Rn, an inertial object P (the pursuer) follows another inertial object E
(the evader). If x and u (y and v) represent the state and control vectors of the pursuer (the evader),
respectively, then their motion dynamics is governed by the following equations:

P : ẍ =− µ

|x|3
x+u, x(0) = x01, ẋ(0) = x02, (1)

E : ÿ =− µ

|y|3
y+v, y(0) = y01, ẏ(0) = y02, (2)

where x01,y01 ∈ Rn are the objects’ initial state vectors, and x02,y02 ∈ Rn are their initial velocity
vectors at the time instant t = 0.

In Eqs.(1)–(2), the terms µ

|x|3 x and µ

|y|3 y are the gravitational accelerations due to the central force
field when the objects P and E are at the positions x and y, respectively, and µ is the gravitational
parameter. Wherein the temporal changes of the vectors u and v should be picked as measurable
functions u(·) : [0,∞)→ Rn and v(·) : [0,∞)→ Rn, they satisfy the constraints |u(t)| ≤ α and
|v(t)| ≤ β for almost all t, t ≥ 0, where α and β are non-negative parametric numbers defining the
maximum values of the objects’ thrust accelerations.

For each t, t ≥ 0, the states of the objects P and E must satisfy the following restrictive condi-
tions: x(t) ∈ DP :=

{
x ∈ Rn : k1 < |x| < k2

}
and y(t) ∈ DE :=

{
y ∈ Rn : `1 < |y| < `2

}
, where



k1,k2, `1, `2 are given positive numbers. The sets DP and DE will be called the admissibility regions
of objects’ motions.

The solution to the intercept problem will be constructed based on the given initial vectors z01 and
z02, where z01 = x01−y01 and z02 = x02−y02. Note that here only two cases are possible:

Case 1. The vectors z01 and z02 are collinear, i.e. there exists such a finite number m, m ∈ R,
that the relation z02 = mz01 is satisfied.

Case 2. The vectors z01 and z02 are non-collinear, i.e. linearly independent.

Definition 1. Let w = v− µ

|y|3 y+ µ

|x|3 x and γ = β +µ
( 1

k2
1
+ 1

`2
1

)
. Then for α ≥ γ , the function

u1(w) = w−π1(w)e1 (3)

is said to be Π–strategy of the pursuer in Case 1, where π1(w) = 〈w,e1〉+
√
〈w,e1〉2 +α2−|w|2,

e1 = z01/|z01|, where 〈w,e1〉 denotes the inner product of vectors w and e1 in Rn.

Theorem 1. If 1) α > γ, |z01| ≤ (α−γ)T 2
∗ /2(1+mT∗), m>−1/T∗ or 2) α = γ, 0>m>−1/T∗,

then by applying Π–strategy (3), it is possible to complete the pursuit in Case 1 in the time interval
[0,T1) with T1 ≤ T∗ = min{TP,TE}, where

T1 =

{ (
|z01|m+

√
|z01|2m2 +2(α− γ)|z01|

)
/(α− γ), if α > γ,

−1/m, if α = γ, 0 > m >−1/T∗,

and TP = min{T ∗P ,T ∗∗P }, TE = min{T ∗E ,T ∗∗E }, where

T ∗P =
k2

1

αk2
1 +µ

[√
|x02|2 +2

(
α +

µ

k2
1

)
(|x01|− k1)−|x02|

]
when

k1 + k2

2
> |x01|> k1,

T ∗∗P =
k2

1

αk2
1 +µ

[√
|x02|2 +2

(
α +

µ

k2
1

)
(k2−|x01|)−|x02|

]
when

k1 + k2

2
≤ |x01|< k2,

T ∗E =
`2

1

β`2
1 +µ

[√
|y02|2 +2

(
β +

µ

`2
1

)
(|y01|− `1)−|y02|

]
when

`1 + `2

2
> |y01|> `1,

T ∗∗E =
`2

1

β`2
1 +µ

[√
|y02|2 +2

(
β +

µ

`2
1

)
(`2−|y01|)−|y02|

]
when

`1 + `2

2
≤ |y01|< `2.

Theorem 2. Let α > γ and let T2+T3 ≤ T∗. Then in Case 2, it is possible to complete the pursuit

in time no later than T4 = T2 +
√

2|z11|
α−γ

, where T2 =
|z02|
α−γ

, T3 =
√

2d
α−γ

, and

d =

{ ∣∣z01 +
T2
2 z02

∣∣ if 〈z01,z02〉> 0,
max

{
|z01|,

∣∣z01 +
T2
2 z02

∣∣} if 〈z01,z02〉< 0.
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